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ABSTRACT

This paper proposes a novel learning algorithm for
congtructing data classifiers with radial basis function
(RBF) networks. The RBF networks constructed with
the proposed learning algorithm generally are able to
deliver the same level of classification accuracy as the
support vector machines (SVM). One important
advantage of the proposed learning algorithm, in
comparison with the support vector machines, is that the
proposed learning algorithm normally takes far lesstime
to figure out optimal parameter values with cross
validation. A comparison with the SVM is of interest,
because it has been shown in a number of recent studies
that the SVM generally is able to deliver higher level of
accuracy than the other existing data classification
algorithms. The proposed learning algorithm works by
congtructing one RBF network to approximate the
probability density function of each class of objects in
the training data set. The main distinction of the
proposed learning algorithm is how it exploits local
distributions of the training samples in determining the
optimal parameter values of the basisfunctions. Asthe
proposed learning algorithm is instance-based, the data
reduction issue is also addressed in this paper. One
interesting observation is that, for all three data sets used
in data reduction experiments, the number of training
samples remaining after a naive data reduction
mechanism is applied is quite close to the number of
support vectors identified by the SVM software.
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1. INTRODUCTION

The radia basis function (RBF) network is a special
type of neural networks with several distinctive features
[12, 13]. One of the man applications of RBF
networks is data classification. In the past few years,
several learning algorithms have been proposed for data
classification with RBF networks [2, 4, 10]. However,
latest development in data classification has focused
more on support vector machines (SVM) than on RBF
networks, because several recent studies have reported
that the SVM generaly is able to deliver higher

classification accuracy than the other existing data
classification algorithms [8, 9, 11]. Nevertheless, the
SVM suffers one major problem. That is, the time
taken to carry out model selection for the SVM may be
unacceptably long for some applications.

This paper proposes a novel learning algorithm for
constructing RBF network based classifiers without
incurring the same problem as SVM. Experimental
results reveal that the RBF networks constructed with
the proposed learning algorithm generally are able to
deliver the same level of accuracy as the SVM [7].
Furthermore, the time taken to figure out the optimal
parameter values for a RBF network through cross
validation is normally far less than that taken for a
SVM.

The proposed learning algorithm works by
constructing one RBF network based function
approximator for each class of aobjects in the training
data set. Each RBF network approximates the
probability density function of one class of objects.
The general form of the function approximators is as
follows:
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wherez= (7, 2, ..., Z,) isavector in the m-dimensional
vector space and ||z — uy|| is the distance between vectors
z and u,. The function approximators are then
exploited to conduct data classification. In some
articles [15], a RBF network of the form shown in
equation (1) is called a spherical Gaussian RBF network.
For simplicity, such a RBF network is called spherical
Gaussian function (SGF) network in this paper. The
main distinction of the proposed learning algorithm is
how the loca distributions of the training samples are
exploited. Because the proposed learning algorithm is
instance-based, the efficiency issue shared by almost all
instance-based learning algorithms must be addressed.
That is, a data reduction mechanism must be employed
to remove redundant samples in the training data set and,
therefore, to improve the efficiency of the
instance-based classifier. Experimental results reveal
that the naive data reduction mechanism employed in
this paper is able to reduce the size of the training data
set  substantially with a minimum impact on
classification accuracy. One interesting observation in



this regard is that, for al three data sets used in data
reduction experiments, the number of training samples
remaining after data reduction is applied and the number
of support vectors identified by the SVM software arein
the same order. In fact, in two out of the three cases
reported in this paper, the differences are less than 15%.
Since data reduction is a crucial issue for instance-based
learning algorithms, further studies on this issue should
be conducted.

In the following part of this paper, section 2 presents
an overview of how data classification is conducted with
the proposed learning algorithm. Section 3 elaborates
how the proposed learning algorithm works.  Section 4
reports experiments conducted to evaluate the proposed
learning agorithm. Finally, concluding remarks are
presented in section 5.

2. OVERVIEW OF DATA CLASSIFICATION
WITH THE PROPOSED LEARNING
ALGORITHM

This section presents an overview of how data
classification is conducted with the proposed learning
algorithm. Assume that the objects of concern are
distributed in an m-dimensional vector space. Let f;
denote the probability density function that corresponds
to the distribution of classj objects in the
m-dimensional vector space. For each class of objects
in the training data set, the proposed learning algorithm
constructs a SGF network of form shown in equation (1)
to approximate the probability density function of this

particular class of objects. Let fj denote the SGF

network based function approximator corresponding to
classj objects. Then, data classification is conducted
by predicting the class of an incoming object located at

v according to the likelihood function defined as follows:

Lj(v):n—r:fj(v),

where n; is the number of class-j training samples and n
isthe total number of samplesin the training data set.

The essential issue of the proposed learning
algorithm is how to construct the function approximator.
Assume that the number of samples is sufficiently large.
Then, by the law of large numbers in statistics [14], we
can estimate the value of the probability density
function fi(s) at aclass-j sample s asfollows:
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where (i) R(s) is the maximum distance between s and
its k; nearest training samples of the same class, (ii)
R(s)"77*
F(% +1)
R(s) in an m-dimensional vector space, (iii) () is the
Gamma function [1], and (iv) k; is a parameter to be

is the volume of a hypersphere with radius

determined either through cross validation or by the user.

Therefore, the ultimate goal of the learning processis to

derive fl, f;, ... based on the estimated function

values at the training samples. Details of the proposed
learning al gorithm will be elaborated in the next section.

One concern of applying equation (2) above is that
R(s) is determined by one single training sample and
therefore could be unreliable, if the data set is noisy.
In our implementation, we use R(s) defined in the

following to replace R(s),
K
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where §,,5,,...,5, are the ky nearest training samples

of thesame classass. The basis of employing R(s)
is elaborated in Appendix.

3. APPROXIMATION OF PROBABILITY
DENSITY FUNCTIONS

As mentioned earlier, the proposed learning algorithm
constructs a SGF network based function approximator
of form shown in equation (1) for each class of training
samples. Assume that we now want to derive a
function approximator for the set of classj training
samples {s;, S, ..., S, ...}. The proposed learning
algorithm places one Gaussian function at each sample
and sets wy in equation (1) to 0. The problem to be
solved now is determining the optimal w, and ¢, values
of each Gaussian function.

In determining optimal parameter values for the
Gaussian function centered at s, the proposed learning
algorithm first conducts a mathematical analysis on a
synthesized data set. The data set synthesized is based
on two assumptions.  First, the sampling density in the
proximity of 5 is sufficiently high and, as a result, the
variation of the probability density function in the
proximity of § approaches 0. The second assumption
is that 5 and its nearest samples of the same class are
evenly spaced by a distance determined by the value of
the probability density function at 5. Fig. 1 shows an
example of the synthesized data set for atraining sample
in a 2-dimensional vector space. The details of the
model are elaborated in the following.
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Fig. 1. An example of the synthesized data set for a
training sample in a 2-dimensional vector space.

(i) Sample s islocated at the origin and the neighboring
classj samples are located at (h.4g, h.g, ..., hnd),
where hy, hy, ..., hy, areintegers and g isthe average
distance between two adjacent classj training



samples in the proximity of s.

determined will be elaborated later on.
(i) All the samplesin the synthesized data set, including

5, have the same function value equal to fi(s). The

value of fi(s) is estimated based on equation (2) in

section 2.

The first phase of the proposed learning algorithm
performs an analysis to figure out the values of w; and &
that make function g;(0) defined in the following be a
constant function equal to fi(s),

0 0 X = N o
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In other words,
gi(x) =fi(s)- ©)
for all x O R™, where R isthe set of real numbers.

How g is

If we take partial derivatives of gi(x4, X, ..., Xm), then
we will find that
. +d £ 2
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foral 1<h<m It can be proved in mathematics that
local maximums and local minimums of g;(0l are located

at (2,d, ad, .., and) and (b, +1)3,, (0,23, ...,
(b, +3)3,), where ay, &, ..., an and by, by, ..., b, are

integers. Therefore, one empirical approach to make
equation (3) above satisfied is to find appropriate w; and
g, that make
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Therefore, one of our goalsisto find g; such that
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Let z= exp[— izj, then we can rewrite equation (5)
I
asfollows:
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Since 0 < z< 1, if we want to find the root of equation
(6), we can take a limited number of terms from both
sides of the equation and find the approximate root.
For example, if we take 5 terms from both sides of
equation (6), then we have

4 2 4 2
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numerical real root 0.861185.

Then, we have ZZ( (2n? _
h=5

Furthermore, we have
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which has only one

Let 7z, = 0.861185.

(2h+1)2) >0

<2z% =6.4664x107" .
In summary, we have

0< (1+ ) 20(2“)2) - (ﬁ 20(2“*1’2) <6.4664x107".
h=1 h=0

Therefore, zy = 0.861185 is a good approximate root of
equation (6). In fact, we can take more terms from
both sides of equation (6) to obtain more accurate
approximation.

Given that 0.861185 is a good approximate root of

2
equation (6) and that z= exp(— ézj we need to set
g = 0.914564 to make equation (5) satisfied. Next,
we need to figure out the appropriate value of w;.
According to equations (3) and (44a),
we need to set w; so that
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(o

1) (k +D (3 +1)
(22929 (2.2025)" [, [R(s)" 7

The only remaining issue is to determine 4§, so that
we can compute the value of g = 0.914564 accordingly.
In this paper, we set g to the average distance between
two adjacent class-j training samples in the proximity of
sample 5. In an m-dimensional vector space, the
number of uniformly distributed samples, N, in a

(")

hypercube with volume V can be computed by N = —

where @ is the spacing between two adjacent samples.

Therefore, we can compute § by J, = R(s—)\/;
(k+DT(3+1)
and obtain o, =0.914565 =—~S2O0RES) g
(k+ DT (3 +1)

In equations (7) and (8), parameter mis supposed to
be set to the number of attributes of the data set.
However, because some attributes of the data set may be
correlated, we replace m in equations (7) and (8) by
another vaue, denoted by min our implementation.
The actual value of m is to be determined through
cross validation. Actually, the process conducted to
figure out optimal M also serves to tune w; and & in
our implementation. Once m is determined, we have
the following approximate probability density function
for classj training samples{s;, &, ..., S, ..-}:
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where g is a vector in the m-dimensional vector space,
n; is the number of class-j training samples, and

1.6210[R(s)

Pk, +Dr(@+1)
In fact, because the value of the Gaussian function
decreases exponentially, when computing f i (#)

according to equation (9), we only need to include a
limited number of nearest training samples of . The
number of nearest training samples to be included can
be determined through cross validation.

As far as the time complexity of the proposed
learning algorithm is concerned, for each training
sample, we need to identify its k; nearest neighbors of
the same class in the learning phase, where k; is a
parameter in equation (2). If the kd-tree structure is
employed [3], then the time complexity of this process
is bounded by O(mn log n + k; n log n), where mis the
number of attributes of the data set and n is total number
of training samples. In the classifying phase, we need
to identify a fixed number of nearest training samples
for each incoming object to be classified. Let k,
denote the fixed number.  Then, the time complexity of
the classifying phase is bounded by O(mn log n + ks¢
log n), where c is the number of objects to be classified.

4. EXPERIMENTAL RESULTS

This section reports the experiments conducted to
evaluate the performance of the proposed learning
algorithm. Table 1. lists the parameters to be tuned
through cross validation in our implementation.  In this
paper, these parameters are set based on the 10-fold
cross validation.

ki1 | The parameter in equation (2).

K The number of nearest training samples included in
2 levaluating the right-hand side of equation (9).

s The parameter that substitutes for min equations (7)

and (8).

Table 1. The parameters to be set through cross
validation in the proposed learning algorithm.

Tables 2 and 3 compare the accuracy of data
classification based on the proposed learning algorithm,
the support vector machine, and the KNN classifiers,
over 9 data sets from the UCI repository [5]. The
collection of benchmark data sets used is the same as
that used in [9], except that DNA is not included.
DNA is not included, because it contains categorical
data and an extenson of the proposed learning
algorithm is yet to be developed for handling categorical
data sets. In Tables 2 and 3, the entry with the highest
score in one row is shaded. The parenthesis in the entry

corresponding to the proposed algorithm encloses the
values of the three parameters in Table 1. In these
experiments, the SVM package used was LIBSVM [6]
with the radial basis kernel and the one-against-one
practice was conducted.

Table 2 lists the results of the 6 smaller data sets,
which contain no separate training and test sets. The
number of samples in each of these 6 data sets is listed
in the parenthesis below the name of the data set. For
these 6 data sets, we adopted the evaluation practice
used in [9]. That is, 10-fold cross validation is
conducted on the entire data set and the best score is
reported. Therefore, the numbers reported just reveal
the maximum accuracy that can be achieved, provided
that perfect cross validation algorithms are available to
identify the optimal parameter values. As Table 2
shows, the data classification based on the proposed
learning algorithm and the SVM achieve basically the
same level of accuracy for 4 out of these 6 data sets.
The two exceptions are glass and vehicle. The
benchmark results of these two data sets suggest that
both the proposed algorithm and the SYM have some
blind spots, and therefore may not be able to perform as
well asthe other in some cases.

Table 3 provides a more informative comparison, as
the data sets are larger and cross validations are
conducted to determine the optimal parameter values for
the proposed learning algorithm and the SVM. The
two numbers in the parenthesis below the name of each
data set correspond to the numbers of training samples
and test samples, respectively.  Again, the results show
that the data classification based on the proposed
learning algorithm and the SVM generaly achieve the
same level of accuracy. Tables 2 and 3 also show that
the proposed learning algorithm and the SVM generally
are able to deliver higher level of accuracy than the
KNN classifiers.

In the experiments reported in Tables 2 and 3, no
data reduction is performed for the proposed learning
algorithm. Table 4 presents the effect of applying a
naive data reduction algorithm. The naive data reduction
algorithm examines the training samples one by one in
an arbitrary order. If the training sample being
examined and all of its 10 nearest neighbors in the
remaining training data set belong to the same class,
then the training sample being examined is considered
as redundant and is deleted. Since the proposed
learning algorithm places one spherica Gaussian
function at each training sample, removal of redundant
training samples means that the SGF network
congtructed will contain less nodes and will operate
more efficiently. As shown in Table 4, the naive data
reduction algorithm is able to reduce the number of
training samples substantially with a minimum impact
on classification accuracy, less than 1% on average.
The rate of data reduction depends on the characteristics
of the dataset. For satimage and letter, about one half
of the training samples are removed, while over 98% of
the training samples in shuttle are considered as
redundant. The last row of Table 4 lists the number of



support vectors identified by the SVM software for
comparison. One interesting observation is that, for
satimage and letter, the numbers of training samples
remaining after data reduction is applied and the
numbers of support vectors identified by the SVM
software are almost equal. For shuttle, the difference
is larger.  Since the data reduction mechanism
employed in this paper is a naive one, there is room for
further improvement with respect to both reduction rate
and impact on classification accuracy.

classification algorithms
Data sets proposed | SVM INN 3NN
algorithm

1.iris 97.33

(150) (24,14, 5) 97.33 94.0 94.67
2. wine 99.44

(178) (3,16, 1) 99.44 96.08 94.97
3. vowel 99.62

(528) (15, 1. 1) 99.05 99.43 97.16
4. segment 97.27

(2310) (25,1, 1) 97.40 96.84 95.98
Avg. 1-4 98.42 98.31 96.59 95.70
5. glass 75.74

(214) © 3.2) 71.50 69.65 72.45
6. vehicle 73.53

(846) (13,8, 2) 86.64 70.45 71.98
Avg. 1-6 90.49 91.89 87.74 87.87

Table 2. Comparison of classification accuracy of the 6
smaller data sets.

designates the time taken to conduct 10-fold cross
validation to figure out optimal parameter values. For
SVM, we followed the practice suggested in [9]. In
this practice, cross validation is conducted with 225
possible combinations of parameter values. For the
proposed learning agorithm, cross validation was
conducted over the following ranges for the three
parameters listed in Table 1: ki 1~30; k,: 1~30; m:
1-5.

In Table 5, Make classifier designates the time
taken to construct a classifier based on the parameter
values determined in the cross validation phase. For
SVM, this is the time taken to identify support vectors.
For the proposed learning algorithm, this is the time
taken to construct the SGF networks.  Test corresponds
to executing the classification algorithm to label all the
objects in the test data set.

Proposed  |Proposed
algorithm  |algorithm
without datajwith  datal SVM
reduction  |reduction
Cross satimage 670 265 64622
validation letter 2825 1724 386814
shuttle 96795 59.9 467825
Make satimage 591 0.85 21.66
classifier letter 17.05 6.48 282.05
shuttle 1745 0.69 129.84
satimage 21.3 7.4 11.53
Test letter 128.6 51.74 94.91
shuttle 996.1 5.85 2.13

classification algorithms
Data sets ggooﬁﬂﬁ SVM | INN | 3NN
(744?5?388) (6?22'2,01) 9130 | 8935 | 906
?iégt(tg 5000) (2325 2 9798 | 9526 | 95.46
?431185"194500) (1%?'ff‘3) 9992 | 9991 | 9992
Avg. 7-9 96.45 9640 | 9484 | 9533

Table 3. Comparison of classification accuracy of
the 3 larger data sets.

satimage | letter | shuttle
# of training samples in the
original dataset 4435 15000 43500
# of training samples after
datareduction is applied 1815 7794 627
% of taning samples 45050, | 51069 | 1.44%
remaining
Classification accuracy
after data reduction is| 9215 96.18 99.32
applied
# of support vectors
identified by LIBSVM 1689 8331 | 287

Table 4. Effects of applying a naive data reduction
mechanism.

Table 5 compares the execution times of carrying out
data classification based on the proposed learning
algorithm and the SVM. In Table 5, Cross validation

Table 5. Comparison of execution times in seconds.

As Table 5 revedls, the time taken to conduct cross
validation for the SVM classifier is substantially higher
than the time taken to conduct cross validation for the
proposed learning algorithm.  Furthermore, for both
SVM and the proposed learning algorithm, once the
optimal parameter values are determined, the times
taken to construct the classifiers accordingly are
insignificant in comparison with the time taken in the
cross validation phase.  As far as the execution time of
the data classification phase is concerned, Table 5 shows
that the performance of the SYM and that of the SGF
network with data reduction applied are comparable.
The actual execution time depends on the number of
training samples remaining after data reduction is
applied or the number of support vectors.

5. CONCLUSION

In this paper, a novel learning algorithm for constructing
data classifiers with RBF networks is proposed. The
main distinction of the proposed learning algorithm is
the way it exploits local distributions of the training
samples in determining the optimal parameter values of
the basis functions. The experiments presented in this
paper revea that data classification with the proposed
learning algorithm generally achieves the same level of
accuracy as the support vector machines.  One
important advantage of the proposed data classification




algorithm, in comparison with the support vector
machine, is that the process conducted to construct a
RBF network with the proposed learning algorithm
normaly takes much less time than the process
conducted to construct aSVM. Asfar as the efficiency
of the classifier is concerned, the naive data reduction
mechanism employed in this paper is able to reduce the
size of the training data set substantialy with a
minimum impact on classification accuracy. One
interesting observation in this regard is that, for al three
data sets used in data reduction experiments, the number
of training samples remaining after data reduction is
applied is quite close to the number of support vectors
identified by the SVM software.

As the study presented in this paper looks quite
promising, severa issues deserve further study. The
first issue is the devel opment of advanced data reduction
mechanisms for the proposed learning algorithm.
Advanced data reduction mechanisms should be able to
deliver higher reduction rates than the naive mechanism
employed in this paper without sacrificing classification
accuracy. The second issue is the extension of the
proposed learning agorithm for handling categorical
data sets. The third issue concerns why the proposed
learning algorithm fails to deliver comparable accuracy
in the vehicle test case, what the blind spot is, and how
improvements can be made.

6. APPENDI X

Assume that §,,S,,..,S, are the ky nearest training

samples of s that belongs to the sasme class as s. If k; is
sufficiently large and the distribution of these k; samples
in the vector space is uniform then we have

o < ARES)"T
1
re+1ny
where pisthe local density of samples §,§,,...,5, in

1

the proximity of 5. Furthermore, we have

& ) [ 2r™i? 20R(s )™ r?
Is,-sli=] "~ r= ; ,
hzz‘i J‘f r(3) (m+r(3)
2"
where W is the surface area of a hypersphere
2

with radius r in an m-dimensional vector space.
Therefore, we have

m+1 1 & .
R(s)=—=G=> 115 -s Il
m h=1
The right-hand side of the equation above is then
employed in this paper to estimate R(s).
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